The paper considers splitting a plane elastic wedgeshaped solid through the application of a rigid punch. It is assumed that the coefficient of friction on the contact area is constant, the problem has a plane of symmetry with respect to loading and geometry, and the crack lies in the plane of symmetry. The problem is formulated in terms of a system of integral equations with the contact stress and the derivative of the crack surface displacement as the unknown functions. The solution is obtained for an internal crack and for an edge crack. The results include primarily the stress intensity factors at the crack tips, and the measure of the stress singularity at the wedge apex, and at the end points of the contact area.
INTRODUCTION
In structural and mechanical design the importance of stress concentration around notches has long been well recognized and the related theoretical problems have been extensively studied (e.g. [1] ). Conforming to a sound design practice, in most of these studies it is assumed that the radius of curvature of the notch is greater than zero. However, in failure studies where normally brittle fracture would be the expected mode of failure, it may be convenient and perhaps even necessary to study the limiting case of the problem in which the radius of curvature of the notch is zero. This problem too has been studied rather extensively by assuming that the relevant portion of the solid may be approximated by an infinite elastic wedge with a given notch angle (e.g. [2, 3] , for additional references see [4] ).
Most of these studies deal with the solution of the related traction and/or displacement boundary value problems. However, in real problems the external load is applied to the component usually through another solid contacting the wedge. In these problems if the contact region is sufficiently close to the apex of the wedge, it is clear that the stress concentration factor or the parameter representing the strength of the stress singularity would depend on the details of the distribution of contact stresses as well as on the resultant forces. Such contact problems -1- for elastic wedges without or with taking into account the effect of friction were considered in [4] and [5] . A slightly different problem dealing with the process of , •
wedge-splitting of a semi-infinite strip was considered in [6] .
The results given in [4] and [5] may be used in brittle wedge-shaped solids to study the initiation of fracture at the wedge apex. To deal with the problem after fracture initiation one needs the solution of the corresponding crack-contact problem. For the symmetric geometry shown in Figure 1 and under symmetric loading conditions the problem is considered in this paper. In formulating the problem it is assumed that the driving punch through which the load is applied is rigid and the coefficient of friction along the contact area is constant.
More recently, the traction boundary value problem for an infinite wedge containing an edge crack was considered in [7] , where the problem is solved for uniform pressure on the wedge and the crack surfaces. The nature of the external loads considered in [7] however, appears to limit the practical usefulness of its results.
FORMULATION
Consider the plane elastostatic problem for the infinite wedge-shaped domain of angle 28 Q shown in Figure 1 .
-2-
The external load P is applied to the medium through a rigid punch with known profile. It is assumed that (0=0, 9=u} is a plane of symmetry with respect to geometry as well as loading. If the magnitude of the load P is increased beyond a certain value, then a crack may develop along 9=0 plane. This may be the consequence of cyclic loading or, in "brittle" materials such as rocks, ceramics, and a rather large variety of cast metal alloys, it may result from the static application of the load. Generally, the crack would start from the apex of the wedge as an "edge crack." However, the problem will be formulated for the internal crack geometry shown in Figure 1 and the edge crack will be treated as the limiting case for c+0. In this problem, because of symmetry it is sufficient to consider one-half of the medium only. First the problem will be formulated for the general case in which the normal and tangential components of the unknown contact stress vector are independent of each other. This formulation is necessary to solve the problem in which due to a very high coefficient of friction, no sliding may take place between the punch and the elastic wedge. In this case the plane elasticity problem must be solved under the following boundary conditions:°0 0 (r,e n ) = ° > 0<r<a , b<r<oo , o rQ (r,0) = 0 , 0<r<« ,
u Q (r,0) = 0 , 0<r<c , d<r<« ,
,0) = g(r) , c<r<d ,
where u is the shear modulus, <=3-4v for plane strain and K=(3-v)/(l+v) for generalized plane stress, and gy, §2, and g^ are known functions.
The problem is formulated by using the Mel'lin transforms. Defining the stress and displacement combinations a(r,9) -a rQ + ia Q6 , v(r,9) = -^ (u r +iu Q ) , (5a,b)
for an elastic wedge one may easily obtain (see, for example,
[Ase ise (7) where for a given function f(r) the Mellin transforms are defined by
provided the strip of regularity containing the constant c is selected in such a way that, considered together with the behavior of f(r) as r+0 and r-*», the integrals exist. In (6) and (7) the complex functions A(s) and B(s) are unknown and are determined from the four boundary conditions specified along 6=0 and 9=6 . In the problem under consideration there are one homogeneous (i.e., condition (3)) and three mixed boundary conditions (i.e., (1), (2) and (4)). Thus, substituting from (6) and (7) into (l)-(4), one could eliminate one of the four real unknown functions and obtain a system of three simultaneous dual integral equations for the remaining three unknowns. Since the problem involves singularities with powers other than + 1/2, this would not be the proper way to try to solve the problem. On the other hand, defininĝ (r) = cr 8Q (r,9 o ) , 0<r<» ,
f 2 (r) = a re (r,e o ) , 0<r<=° ,
f 3 (r) = f± ^r u Q (r,0) , 0<r<« ,
and replacing the conditions (1), (2) , and (4), respectively by (9), (10), and (11), one may easily determine the complex -5-functions A(s) and B(s) and, as a result, all the relevant field quantities such as a(r,9) and v(r,9) in terms of f-j , f 2 , and f 3< From (la), (2a), and (4a) we observe that f -j, f 2 , and f 3 are zero on the infinite portion of the interval 0<r«», and are unknown on the remaining part. Using now the boundary conditions (Ib), (2b), and (4b) which have not yet been satisfied, we could obtain a system of integral equations having finite supports to determine these functions. The analysis leading to the integral equations is somewhat lengthy and will not be given in this paper. The derivations and the asymptotic analysis follow very closely and partially repeat the procedure outlined in [4] , [5] , and [6] . Thus, for the problem described in Figure [~ + k 22 (r,t)]f 2 (t)|dt 
From the definition of f, as given by (11) and the boundary condition (4a) it is clear that for c>0 f 3 must satisfy the following sing!e-valuedness condition:
Also, the force equilibrium along the contact area requires
where P and Q are the normal and the tangential components of the resultant contact force. Thus, the integral equations (12-14) must be solved under conditions (18-20).
In the case of constant coefficient friction n
-owhere P Q is the driving force shown in Figure 1 . In the noslip case (i.e., for perfect adhesion) fj and f 2 , and consequently, P and Q are independent and are determined from the following equilibrium and kinematic compatibility conditions:
Psin(7r-e o ) + Qcos(Tr-9 0 ) = P Q /2 ,
tan(ir-9 0 ) = u Q (a,9 0 )/u r (a,9 0 ) .
Examining the behavior of the term 1/rp in the kernels i t may be shown that
Thus, the integral equations (12-14) are singular with Cauchy type kernels. Also, one may note that the dominant part of (12) and (13) is identical to the coupled integral equations for an elastic half plane loaded by a perfectly adhering rigid punch, and that of (14) is the integral equation for the crack in an infinite plane.
If the contact under the punch is frictionl ess, then
Note that in this case the contact surface moves by a rigid body displacement parallel to the 9=0 plane. Therefore, the kinematic relation can be written at any point on the contact surface.
-9-f2(r)=0 and (12) and (14) give the system of singular integral equations to determine the unknown functions f, and fg. In this case the additional conditions are (18) and the following eqiulibrium relation:
On the other hand, if the punch is driven with constant coefficient of friction n> we have
-b^ + k n (r,t) + nk^tr.tjif^tjdt
where the kernels k^^ are given by (16). In this problem (28) and (29) must be solved under conditions (18) and (22). to the singularity giving [9] k(c) = lim /2(r-c) f 3 (r) , (32) r->c
If c>0, the wedge apex is also a point of stress singularity, Perhaps the easiest way to extract this singularity would be going back to (6) and expressing a Qe in terms of f-| , f^, and f~. Thus, after some simple manipulations we find
where the strip of regularity for Mellin inversion integrals is given by [4, 5] Re(s_ 1 )<Re(s) = C Q <-1 (37) 
4. SPECIAL CASES:
In the special cases of the plane with a semi-infinite crack (e o =K) and the half plane (e o = ir/2), the kernels can be evaluated in closed form, simplifying the integral equations quite considerably. This requires the evaluation of a number of relatively simple Fourier integrals (see for example, [5] ). Thus, for example, for 9 Q = 7r the integral equations (28) and (29) become
TT j t-r j
Similarly for e Q = u/2 we find
- In a half plane subjected to compression through rigid punches, since normally 9=0 plane would be under compression, the case of 9 =ir/2 may not be very practical.
-14-
THE NUMERICAL SOLUTION
The dominant part of the singular integral equations (14) and (29) is of the first kind, is not coupled with that of the remaining equations in the system, and has only a simple Cauchy-type kernel. Since the singular behavior of the solution is dependent on the dominant part of the integral equations only, the unknown function fo(r) would have as expected, standard square root singularity. The dominant parts of (12) and (13) 
where F(r) is bounded in a£r<b.
Similarly, from (29) it follows that [9] f^r) = F 1 (r)(b-r) a (r-a) 6 , -1 <Re(ct,B)<l .
where, again F-,(r) is bounded in a<_ r<b. The constants a and g may be determined following the standard functiontheoretic method (see, for example, [9] ). The numerical values of a and B and the index of the integral equations (12), (13), and (28) would depend on the conditions of contact and the profile of the punch. These values are tabulated in Table 1 
Thus, equations (28), (29), (19) and (18) -17-and using the quadrature formulas given in [9] , (51) and
where it is assumed that the punch has "sharp" corners.
Hence, a = (fl/ir) -1 and 3 = -n/ir(see Table 1 ). The weights, integration points, and collocation points which appear in C54) and (55) are given by [9] n-l)r(n+a)
(s u ; -0 k = 2 ,. . , n -1 ;
s COS(TT~-) , k = 1 ,.., n ;
.
Equations (54) and (55) give 2n linear algebraic equations to determine the unknowns £,(5,^) and ^(s^.) , k = 1
In all the examples given in this paper it is assumed that the crack surfaces are traction-free. Therefore, g^ = 0 or tp( 
where a , b, and R are known constants and a is unknown.
In this case the index of the integral equation (28) is zero (see Table 1 ), meaning that no additional condition is required for a unique solution. The unknown constant a is then determined from the equilibrium condition (19). To solve the problem, first the equations are again normalized 
Then, the system of 2n algebraic equations consisting of (54) 
RESULTS AND DISCUSSION
The results for the wedge problem without the crack were given in [4"] and [5] . However, in order to give some tdea about the effect of the wedge angle and of the coefficient of friction on the stresses which may cause the formation of a crack, the stress distribution along 9=0 plane is calculated. The results are shown in Figure 2 .
Based on these results, one could make two important observations, namely the existence of friction would inhibit crack initiation and, for relatively small wedge angles 29., as r increases the cleavage stress a 00 (r,0) would
The statement in Ref. [7] (p. 619) regarding this point, namely "A simple residue calculation shows that the stresses are 0(r' s *-') as r-n-0, where s is the first zero of A(s,9 ) = ssin29 +sin2s8 to the left of jero. It is easily shown that as 9° increases from 0 to IT, s increases from -3/2 to -1/2," is clearly incorrect. It is valid only for a wedge of angle 28 0 under symmetric loading, that is, in the present case, only for the uncracked wedge (see, equations 36a, 37, and 38, where s+1 replaces s in [7] ).
Upon introducing the crack, the total wedge angle becomes 8 0 , (0<9 0 <-rr) and the stress singularity disappears.
-21-change sign and would become negative. This means that for such wedge angles, even tf the crack is formed, it would not propagate very far. The calculated stress intensity factors given in this paper also support this conclusion.
In the elastic wedge the practical problem is, of course, the edge crack problem. This is strongly demonstrated by the results for an internal crack given in Tables 2 and 3 2.
3.
4.
5.
6.
7.
8.
9.
10. Therefore, the related brittle fracture process is expected to be stable.
Finally, Table 8 
